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1. Results
The interest in the number of groups of a given order starts at least as early as A. Cayley,
who, e.g., determines in [2] all groups of order 8. The modern treatment starts with the
following asymptotic formula by G. Higman and C.C. Sims [4,15]: if f (n) denotes the
number of (isomorphism types) of groups of order n, and p is a prime, then
f
(
pk
)= p(2/27)k3+O(k8/3).
This establishes for p-groups the truth of the “interesting conjecture, now many years old,
that . . .
f (n) nkl(n)2
for some constant k.”
In this quotation from P.M. Neumann [12], l(n) is log2 n or “more optimistically”
λ(n). The latter, which may be termed the “arithmetic logarithm” of n, is defined by: if
n = pe11 . . . pett is the prime-power decomposition of n, then λ(n) = e1 + · · · + en. We also
denote μ(n) = max ei . The “interesting conjecture” is reduced in [12] to proving the same
inequality for the number of simple groups. Thus the conjecture is a corollary of the classi-
fication of the finite simple groups, which shows that there are at most two simple groups
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theorem states that
f (n) n(2/27+o(1))μ(n)2,
where o(1) denotes a magnitude that tends to 0 as μ → ∞.
In a previous note with the same title [9], we were interested in the number f (n, d)
of finite groups of order n with d generators. It was conjectured by Pyber that f (n, d)
nc(d) logn, for some constant c(d) [14]. We were able to prove this for soluble groups, in
the form
fsol(n, d) n(d+1)λ(n).
Here fsol(n) denotes the number of soluble groups of order n (fnil(n) is defined similarly).
More generally, we proved Pyber’s conjecture for groups which do not have composition
factors in some specified families of simple groups. Using a variation on that method, the
general conjecture was proved by A. Lubotzky [6], in the form
f (n, d) n2dλ(n).
The proof in [9] proceeds by considering defining relations. Specifically, we conjec-
tured that a group of order n with d generators can be defined by cd logn relations and
showed that that conjecture implied the previous one. Then we proved the defining rela-
tions conjecture for the aforementioned classes of groups. Lubotzky’s variation consists in
considering defining relations in the category of profinite groups. These approaches sug-
gest naturally the problem of enumerating finite groups with a given number of defining
relations. Let us write f (n, d, r) for the number of groups of order n that have d generators
and can be defined by r relations on these generators, and h(n, r) = f (n, r, r) for the num-
ber of (isomorphism types) of groups of order n that can be defined by r relations. Here we
recall that if a finite group can be defined by d generators and r relations, then d  r . Thus
Lubotzky’s theorem immediately implies h(n, r)  n2rλ(n). However, it seems likely that
for most groups d logn is the right order of magnitude for the number of defining relations,
and this suggests the following conjecture.
Conjecture. h(n, r) ncr , for some constant c.
We prove this for nilpotent groups:
Theorem 1. hnil(n, r) = o(nr), as n → ∞.
This is deduced from the special case of p-groups:
Theorem 2. Let p be a prime, then, as k → ∞,
h
(
pk, r
)= o(pkr).
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Theorem 3. h(n, r) nr log logn+2λ(n)+3, and hsol(n, r) nr+2λ(n).
For counting the insoluble groups here we need the following improvement of [1,
Lemma 1].
Proposition 4. The number of groups of order n with d generators and no normal soluble
subgroups is at most nd log logn+3.
The bound in Theorem 2 cannot be improved further substantially, because it is well
known that a group of order pk can be defined by k(k + 1)/2 relations, and as we saw
above f (pk) is about p(2/27)k3 . It would be of interest to find the infimum of the numbers
s such that h(pk, r) Cpskr , for some C.
Moreover, comparing Theorem 2 to the estimate above for f (pk) and to a recent
estimate by A. Jaikin-Zapirain for f (pk, d) [5], shows that most p-groups need many
relations. More precisely we have the following corollary.
Corollary 5. If c < 2/27, then, as k → ∞,
h
(
pk, ck2
)= o(f (pk)).
Corollary 6. If c < (d − 1)/4, then, as k → ∞,
f
(
pk, d, ck
)= o(f (pk, d)).
Thus we see that at least for p-groups, the hypothesis that most groups of order n need
about d logn relations is true.
Counting finite groups is related to counting the number of finite index subgroups in in-
finite groups (a subject that is known as subgroup growth, see [7]). Specifically, let tn,r (X)
denote the number of normal subgroups of index n of the group X which are the normal
closure of r elements (we say that such a subgroup is generated normally by r elements),
and let F be a free group of rank d . A group with a presentation by d generators and r rela-
tions can be written as G = F/N , where N is one of the subgroups contributing to tn,r (F ),
but different N ’s can determine the same G. On the other hand, N itself is determined as
the kernel of the homomorphism from F onto G, and the number of such homomorphisms
is at most nd . Thus
f (n, d, r) tn,r (F ) ndf (n, d, r).
This immediately yields the following corollary.
Corollary 7. tn,r (F ) n2λ(n)+r(log logn+1)+3.
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Fp/N , where Fp is a free pro-p group, and estimate tn,r (Fp). Indeed, the result is not
special to Fp . We have the following proposition.
Proposition 8. Let G be a finitely generated pro-p group. Then as k → ∞,
tpk,r (G) = o
(
pkr
)
.
This is proved by elementary probabilistic considerations applied to the Haar measure
on G.
Since we are presenting our p-groups as factor groups of Fp , it follows that we actually
estimate the number, say u(pk, r), of groups of order pk that can be defined by r relations
in the variety of pro-p groups. We write r(G) and rp(G) for the minimal numbers of
relations needed to define a p-group G as an abstract group or as a p-group, respectively.
These are the numbers of normal generators of N when we write G as F/N and as Fp/N ,
respectively. Then rp(G) r(G), and we are estimating the number of p-groups such that
rp(G) r . However, no examples are known of p-groups in which rp(G) = r(G). In any
case, the proof of Theorem 2 shows that it holds also with u(pk, r) replacing h(pk, r).
2. Proofs
Proof of Proposition 8. This is essentially identical to the proof of [8, Theorem 13],
which states a similar result for the number of subgroups that are generated by d ele-
ments (see also [10, Proposition 8 and Theorem 9]). However, we repeat the argument,
because we need its quantitative implications. Since G is a compact group, there is de-
fined on it a finite Haar measure, which we normalize so that G has measure 1, and
can thus be considered as a probability space. For a normal subgroup N of G, write
d(N,G) for the minimal number r such that N is the normal closure in G of r ele-
ments. Now N is the normal closure of a subset X if and only if X is not contained in
any proper subgroup of N that is normal in G and is maximal in N with respect to this
property. A subgroup M of N is such a maximal subgroup if and only if M  G, and
|N : M| = p. This implies that N/M  Z(G/M). Let Φ(N,G) denote the intersection of
all these maximal subgroups. Then Φ(N,G) = Np[N,G]. It follows that X generates N
normally if and only if it generates N modulo Φ(N,G), so d(N,G) = d(N/Φ(N,G)),
the minimal number of generators of N/Φ(N,G). If N is finitely generated, in particu-
lar if it is of finite index, then certainly d(N,G) is also finite. Moreover, the probability
that r elements generate N normally is the same as the probability that r elements gener-
ate the elementary abelian subgroup N/Φ(N,G). Let us write P(e, r) for the probability
that r elements generate an elementary abelian group of order pe. It is clear that if r m
then P(e, r)  P(e,m). Counting bases for elementary abelian groups, we obtain that
P(e, e) = (1 − 1/p) . . . (1 − 1/pe) = C(e), say, and therefore either P(e, r) = 0 (when
r < e), or P(e, r) C(e) C(r).
We now estimate the probability that a set of r random elements generates a normal
subgroup of G of finite index. If N is any such subgroup, of index n = pk , say, and
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they generate it normally is P(e, r)/nr . This is 0 unless r  e, and if this inequality is met,
then P(e, r) C(r). Since generating distinct subgroups are disjoint events, the probabil-
ity that we seek is
∑
N
P
(
d(N,G), r
)
/nr 
∑
n
C(r)tn,r (G)/n
r .
Being a probability, the sum is at most 1, so
∑
n
tn,r (G)/n
r (∗)
converges, and is bounded by 1/C(r), which proves Proposition 8. 
It was already pointed out that Theorem 2 follows from Proposition 8, and it remains to
deduce Theorem 1.
Proof of Theorem 1. Since we need now consider different primes, we write C(r,p) for
our previous C(r). We recall again that a finite group with d generators and r relations
satisfies d  r . Each number of generators has to be considered separately, because if
d < r , and G is defined by r relations on d generators, it may not be definable by r relations
on r generators. Thus we consider the sum (∗) in case G = Fp , a free pro-p group of
rank d , where d  r . We just saw that this sum is at most 1/C(r,p), therefore
∑
n>1
tn,r (G)/n
r  1/C(r,p) − 1.
Summing for d  r , we find that for k > 0,
h
(
pk, r
)
A(r,p)pkr ,
where A(r,p) = r(1/C(r,p) − 1), so A(r,p) → 0 as p → ∞.
Now let G be a finite nilpotent group which can be defined by r relations, and let P be a
Sylow p-subgroup of G. Then P is the largest p-factor group of G, therefore it is defined
as a p-group by the same relations that define G as an abstract group, so rp(P ) r , and
hnil(n, r)
∏
p|n u(pe(p), r). Here pe(p) is the maximal power of p dividing n. We write
h′(n, r) for the product on the right-hand side of the last inequality. It turns out to be
more convenient to estimate that quantity. Let p0 be such that A(r,p) < 1 for p  p0, and
let A =∏p<p0 A(r,p). If n =
∏
p
ei
i then h
′(n, r) =∏u(peii , r)
∏
A(r,p)peir Anr.
Let ε > 0, and let p1 be such that A(r,p) < ε/A for p  p1. Choose k0 so that u(pk, r) <
(ε/A)pkr for k > k0 and p < p1. Let n > (
∏
p<p1
p)k0 . Then if n is divisible by some
prime p  p1 to the power e > 0, then
h′(n, r) = u(pe, r)h′(n/pe, r) (ε/A)per · A(n/pe)r = εnr ,
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and a similar calculation yields the same inequality. Thus hnil(n, r) = o(nr). 
Proof of Corollaries 5 and 6. We have seen that h(pk, r) pkr/C(r) pkr/C, where C
is the value of the convergent infinite product
∏
n(1−1/pn). Substitute r = ck2, and divide
by f (pk) = p(2/27)k3+o(k3), to obtain Corollary 5. For Corollary 6, replace the expression
for f (pk) by the inequality f (pk, d) p(d−1)k2/4+o(k2), proved in [5]. 
Proof of Proposition 4. Let G be a d-generated group of order n containing no normal
soluble subgroups, let T be its socle, and write T = T1 × · · · × Tk , where each Ti is a
non-abelian simple group, of order ti , say, and T has order t . This yields a factorization
n = t1 . . . tk(n/t)). Given n, the number of such factorizations is at most n2 [3]. Given
the factorization, the number of possibilities for each Ti is at most two, so the number
of possibilities for T is at most 2k  n. Given T , we can consider G as a subgroup of
Aut(T ) containing T , and Aut(T ) is a subgroup of (Aut(T1) × · · · × Aut(Tk))S, where S
is the subgroup of Sk , the symmetric group on k letters, consisting of the permutations that
Aut(T ) induces on the factors T1, . . . , Tk . Therefore
∣∣Aut(T )∣∣
(∏
t2i
)
k! t2(log t)! t · (log t)log t = t1+log log t
(we have allowed ourselves to ignore the term √2πk in Stirling’s formula, because
|Aut(Ti)| is actually much less than t2i ). Thus, the number of d-generated subgroups of
Aut(T ) containing T is at most td log log t . Collecting the various estimates together, we see
that the number of possibilities for G is at most n3+d log logn. 
Proof of Theorem 3. This is similar to the proofs in [9]. We construct a chief series for G,
say, 1 = N0 N1  · · ·Nk = G, where, if G/Ni has abelian minimal normal subgroups,
we choose Ni+1/Ni to be one of them. Write |Ni : Ni−1| = ni . Again there are at most n2
possibilities for the factorization n = n1 . . . nk . Given the factorization, then as long as ni
is a prime power, the chief factor Ni/Ni+1 is uniquely determined. With G, all the factor
groups G/Ni are r-generated. Moreover, G/N1 can be defined by adding to the r defining
relations of G any non-identity element of N1, written as a word in the generators of G.
Thus G/N1 can be defined by r + 1 relations, and generally G/Ni can be defined by r + i
relations. Suppose that N1 is abelian. Assuming that G/N1 is known, the extension G is
determined by giving the action of G on N1, and by specifying the elements of N1 that are
equal in G to the defining relations of G/N1. The number of possibilities for the latter is at
most nr+11 . The action of G/N1 on N1 can be considered as a representation of G/N1 over
some field of prime order, and the number of such representations, up to equivalence, is
at most |G/N1| = n/n1 (equivalent representations lead to isomorphic groups). It remains
to estimate the number of possibilities for G/N1, which we reduce in the same way to
estimating the number of possibilities for G/N2, etc. If Nj+1/Nj is the first non-abelian
factor in the series, this process shows that the number of possibilities for G, given the ni ,
is at most nknrnr+1 . . . nr+j−1, times the number of possibilities for G/Nj . The first factor1 2 j
592 A. Mann / Journal of Algebra 302 (2006) 586–592is bounded by nknr+k , where k  λ(n), and the latter is bounded by Proposition 4. Finally,
if G is soluble, the second factor is absent. 
Note added in froof
The conjecture has now been proved by A. Jaikin-Zapirain and L. Pyber.
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